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Abstract

Building on an intra-personal self-signaling game, the paper pro-
vides an economic model to show that the sunk cost effect may stem
from an attempt to overcome the under-investment problem associ-
ated with present bias. The current self may take a costly action
(which is a sunk cost for the future self) to signal the individual’s
ability that motivates his future self-disciplining behaviors. In equi-
librium, a higher level of sunk cost gives rise to a higher probability
for the individual to continue the project.
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“If someone offered us a pill that henceforth would make us people
who never honored sunk costs, we might be ill advised to accept
it ...”

Robert Nozick, The Nature of Rationality (1993, p. 23).

1 Introduction

Why do people, especially gangsters, make painful tattoos?1 Life in a gang
is tough. Yes, the gangsters may want to signal to others that they are
also tough enough to deter potential enemies. But doesn’t that also remind
themselves of a sort of determination? Why do people in a relationship write
love letters and decorate costly pre-wedding and wedding photos? These may
be a signal to the partner on how he loves her. But aren’t the photos and
letter drafts also indicative of something to oneself?
Standard economics textbooks teach us that we should never cry over

spilled milk because sunk costs are sunk. Nevertheless, consider a person
who is contemplating whether to terminate a relationship. When looking
at all the letter drafts, decorated photos, and the tickets for shows they
watched together and parks they visited together, he hesitates. Would you
say this is a fallacy because all of these are sunk costs? Consider a gangster
contemplating about quitting the gang. He hesitates as he sees his tattoos
on the skin. Does he commit a sunk cost fallacy?
Present bias or the tendency to pursue immediate gratification is a preva-

lent psychological trait in inter-temporal decision-making, and could lead to
ineffi cient under-investment in long-run projects (see, e.g. O’Donoghue and
Rabin, 1999). An individual knows that doing exercise is good for health but
the cost of doing so is immediate (and the temptation of the comfort of stay-
ing at home is hard to resist) while the reward is only realized in the future.
The immediate cost seems so salient that the individual may thus delay doing
exercise to tomorrow, while when tomorrow comes he delays again. On the
other hand, the individual may have bought a gym membership and when he
struggles about whether to go to the gym, another behavioral bias may arise:
Maybe I should go to the gym, since I have paid so much money to buy the
membership! Therefore, the familiar sunk cost effect arises. Interestingly,

1For example, Japan’s “yakuza”organization the Yamaguchi-gumi, which is the largest
criminal organizations in the world (see Fortune 5: The biggest organized crime groups
in the world, Fortune Magazine, 14 September 2014), has members with almost full-body
tattoos (see Japan godfather released from jail, Mafia Today, 10 April 2011).
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the sunk cost effect works in the opposite direction to the effect of present
bias, and alleviates the under-investment problem in this example.
To the best of our knowledge, the American philosopher Robert Nozick

(1993) is the first to discover the instrumental role of the sunk cost effect in
resisting temptations.2 While standard economics textbooks regard the sunk
cost effect as a fallacy, there are several studies in economics attempting to
provide rationales for this effect.3 Among them, Eyster (2002) explains it
as the result of preferences over rationalizing past choices. Instead of at-
tributing the fallacy to the affective reason, other models adopt the cognitive
approach, and find the inter-personal signaling value of the sunk cost ef-
fect. For example, Kanodia, Bushman and Dickhaut (1989) and McAfee,
Mialon and Mialon (2010) study the role of honoring sunk cost in building
reputations.
More recently, Baliga and Ely (2011) provide a rationale for the sunk cost

fallacy in a two-period intra-personal model with time consistent preferences.
In the first period, an individual decides on whether to initiate a project with
some initiation cost; in the second period, if he has initiated the project, the
individual decides on whether to complete it with some continuation cost.
The individual knows the expected value of the project when initiating the
project but he forgets it in the second period. Therefore, the initiation cost,
which is sunk from the viewpoint at the second period, is informative when
the individual decides on whether to complete the project. A higher sunk
cost indicates higher expected value and makes completion more likely, which
they call a Concorde effect.4

In Baliga and Ely’s (2011) model, initiation is an endogenous decision;
the individual learns the expected value of the project before initiating the
project, and no further information comes in between initiation and com-
pletion, except the continuation cost. However, for most if not all long-run
projects, people learn new information about the type of the project, after
they have initiated a project, and such information is no less important than
the information collected before the initiation. For examples, a rookie PhD
student typically learns how the academia runs only after he started his PhD
study, rather than when he contemplated whether to start a PhD or not; a
wife knows her husband better than when the husband just became her new

2Nozick (1993, p. 23) writes, “We can knowingly employ our tendency to take sunk
costs seriously as a means of increasing our future rewards. If this tendency is irrational,
it can be rationally utilized to check and overcome another irrationality.”

3For psychological studies on this effect, see, e.g. Arks and Blumer (1985).
4They also consider a different version of sunk cost fallacy, where the sunk cost signals

the future continuation cost, rather than the expected value. In this model, a higher sunk
cost discourages further investment, which they call a pro-rata effect.
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boyfriend. In these cases, the sunk initiation cost is uninformative about the
information learnt after the project initiation.
In line with the idea of Nozick (1993), our paper provides an alternative

economic model with an endogenous sunk cost effect. We are different from
Baliga and Ely (2011) in two main aspects. First, we will focus on the
information learnt after the project initiation. For simplicity and to clearly
distinguish our model from Baliga and Ely (2011), we assume exogenous
initiation of the project. Second and more importantly, we introduce present-
biased preference and investigate the interaction between present bias and
limited memory. More specifically, we consider the following three period
model. In the first period, an individual learns the type of his project, and
then takes a costly action. As in Baliga and Ely (2011), the individual
has limited memory. He remembers the costly action but forgets his type
in the second period when he has to determine whether to complete the
project. If completed, the project yield returns in period 3. Our results
are as follows. First, in a benchmark case where the individual’s preference
is time consistent, the individual does not invest in the costly action, and
therefore there is no a sunk cost effect. This is in contrast with Baliga and
Ely (2011). Second, when the individual has present bias, there is a refined
separating equilibrium in which the individual invests in the costly action;
moreover, the sunk cost effect emerges, in that the action taken in period
1, which is sunk from the viewpoint of period 2, influences the completion
decision in period 2, although it affects neither the return of the project nor
the cost of completion.5 Particularly striking is that with a continuum of
types we show that the probability of continuing the project in period 2 is
strictly increasing in the level of sunk cost in period 1. While Nozick (1993)
treats the sunk cost effect as exogenous in discussing its value in resisting
temptations, the sunk cost effect is endogenous in our model. In a nutshell,
Baliga and Ely (2011) build a model with time consistent preference where
the sunk initiation cost has informational value about the project return,
while our model with conflict of interest between multiple selves is in essence
a classic signaling story where the current self has an incentive to burn money
as a costly signaling device so as to discipline the future self, since the money
burned as sunk cost will be taken into account by the future self in decision
making.
Like in our model, Bénabou and Tirole (2004) and Ericson (2014) consider

the interplay between limited memory and present bias. Bénabou and Tirole

5Our result is consistent with the observation that only intentionally made sunk costs,
but not accidentally made sunk costs, will be considered when making the continua-
tion/completion decision (see Doody, 2013).
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(2004) analyze how individuals develop personal rules such as diets, smoking
only after meals, monthly saving targets, to deal with dynamic inconsistency.
In their model, at each period, the individual decides on whether to initiate a
willpower activity (like abstinence in drinking, smoking or spending), and by
doing so, he puts his will to test, because he will have to decide on whether
to give up or persevere under present biased preference later in that period.
It is shown that exercising willpower motivates the future individual not to
give up given his imperfect recall. In Ericson (2014), memory is limited
in the sense that an individual may forget to complete a task in the future,
rather than some event occurring before. Ericson shows that limited memory
can function as a commitment device for present-biased individuals, as the
anticipation of forgetting to finish the task in the future may alleviate the
problem of procrastination. Notably, neither Bénabou and Tirole (2004) nor
Ericson (2014) analyzes the sunk cost effect though.
The rest of this paper is organized as follows. The next section presents

the model basics. Section 3 analyzes the case with two types while Section
4 is devoted to continuous types. The final section concludes. The proofs of
all propositions are relegated to the appendix.

2 Model Basics

Our model builds along the line of the canonical self-management games by
Carrillo and Mariotti (2000) and Bénabou and Tirole (2002). There are three
dates, t = 0, 1, 2. We allow for present-biased preferences by assuming that
the individual at t discounts expected payoffs at t + n(> t) with a discount
factor equal to βδn, where δ normalized to 1 is the normal discounting factor,
and β ∈ (0, 1) corresponds to hyperbolic discounting.6

The timing is as follows.
At t = 0, the individual or self-0 has started a project,7 and privately ob-

tains the information about his ability, or the project’s probability of success,
θ. Then he chooses tangible and observable a ∈ R+ to signal his ability to his
future self-1, while a does not affect θ.8 The cost of a is c(θ, a), which cap-
tures the instantaneous subjective disutility (either physical or psychological
cost) of making a and will be unobservable from self-1’s viewpoint at t = 1.

6See the seminal works by Strotz (1955) and Laibson (1997).
7In this respect, our model is different from Baliga and Ely (2011) in which the starting

decision is endogenous, and the individual infers the project’s value from this decision.
8Although our assumption of money burning is a simplifying one, capturing “sink(ing)

resources and efforts” in terms of Nozick (1993, p. 23), like Spence’s (1973) education-
as-a-signal model, it can beem relaxed to allow a productive action without qualitatively
changing the insights.
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Assume that c is smooth, that c2(θ, a) > 0, c22(θ, a) > 0, and c12(θ, a) < 0
for all θ, a, and that c(θ, 0) is normalized to 0 for all θ. Thus, we impose
standard increasingness and convexity of the cost function. Moreover, there
is a low marginal cost for high-ability individuals. In the gangster example, a
is the tattoo on the skin and c is the magnitude of pain incurred from making
the tattoo; in the dating example, a is the love letter drafts and pre-wedding
and wedding photos, while c is the time and effort spent on the letters and
photos.
At t = 1, the individual or self-1, who does not know θ but could infer it

upon observing a in the last period, decides whether to continue the project at
an add-on cost k, which is unknown by self-0, but self-0 knows k’s continuous
density function f distributed over R+. As in Bénabou and Tirole (2004)
and Baliga and Ely (2011), while the individual may forget his motivations, it
may be easier to remember his observable actions in the past, which generate
sunk costs.
At t = 2, the project outcome is realized. The project will yield benefit

V > 0 if it is continued at t = 1 and successful at t = 2 and zero otherwise.
In the case of complete information, self-1 chooses to continue if and

only if βθV ≥ k. However, from self-0’s point of view (a.k.a. the long-run
perspective as in O’Donoghue and Rabin (1999)), self-1 under-invests as he
should have invested as long as θV ≥ k. Self-0 of type-θ would choose a to
maximize

−c(θ, a) + β

∫ βθV

0

(θV − k) f(k)dk

with the solution a = 0 for all θ.
However, in the case of incomplete information as we assume here, self-1’s

decision depends on his belief about θ. Since self-1 infers θ̂ from self-0’s a, the
optimal a chosen by self-0 may not be zero as in the case of complete infor-
mation. For the analysis, we adopt the solution concept of perfect Bayesian
equilibrium (PBE) in pure strategies (with certain refinements as we show
below).9

3 Two Types

In this section, we assume that θ can take only two values, and let θ ∈ {θL,
θH} with 0 < θL < θH < 1. θH occurs with probability p and θL occurs
with probability 1 − p. Let θ = pθH + (1− p) θL. Let µ (a) be the belief of

9Mailath (1992) and Mailath et al (1993) justify the focus on pure strategies only and
show that mixed strategies are unimportant for signalling games.
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self-1 on the probability of type-H conditional on a. Let θ̂ (a) = µ (a) θH +
(1− µ (a)) θL be the posterior expected type for self-1.

3.1 Benchmark: Time Consistent Preference

With time consistent preference, there is no conflict of interest between self-0
and self-1, leading to neither type to want to mimic the other. In this case,
we have the following observation.

Observation 1 In the case of time consistent preference,
a) there exists no PBE surviving the Intuitive Criterion (Cho and Kreps,

1987) in which some type of the individual chooses a positive a;

b) if, and only if, Γ ≡
∫ θHV
θV

(θHV − k) f(k)dk <
∫ θV
θLV

(k − θLV ) f(k)dk ≡
∆, and there exists a′ such that c (θH , a

′) = Γ < c (θL, a
′) = ∆, there is a

pooling equilibrium where individuals of both types choose a = 0 surviving the
intuitive criterion.

The observation suggests that no individual will choose a positive a. With
time consistent preference, self-0 does not invest in a in equilibrium, with the
refinement of the Intuitive Criterion.
The sunk cost effect is therefore not relevant in this case. This is in

contrast with Baliga and Ely (2011) who find the sunk cost effect in the
presence of time consistent preference. In their model, the cost of initiating
a project is exogenously given as a random variable; after a project has been
initiated, this sunk cost signals its expected value. However, in our model,
a is a choice variable, leading to zero investment in it under time consistent
preference.
Notably, with time consistent preference, self-0 and self-1 have common

interest. Thus, back to the case with continuous a, although self-0 does not
invest in a to signal his type, self-0 can “talk”to self-1 about his type, and
self-1 has no incentive not to trust self-0.
It is worth mentioning that we have assumed a continuous variable a.

However, if we assume instead that there exists a smallest positive value of
a, denoted by ε, which is arbitrarily close to 0, then there exist separating
equilibria in which aH = ε > aL = 0 or aL = ε > aH = 0. Moreover, they are
qualified as a unique set of the undefeated separating equilibria (Mailath et
al, 1993) surviving the Intuitive Criterion. Appendix B illustrates the details
of the analysis. Still, with a smallest positive a, self-0 does not invest in a
non-trivially.
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3.2 Present-Biased Preference

We now consider the non-trivial case of time inconsistent preference. To
make the analysis have a sharp focus, we assume that β ≤ θL/θH . That is,
the problem of present bias is suffi ciently severe.
A self-0 i ∈ {θL, θH} chooses a to maximize

−c(θi, a) + β

∫ βθ̂V

0

(θiV − k) f(k)dk.

Since β ≤ θL/θH , we have βθ̂V ≤ θLV < θHV for any θ̂; it is thus impossible
for some type of the individual to have over-investment. Self-1 of both types
(weakly) under-invests and the payoff of self-0 of any type is increasing in
θ̂. In particular, self-0 of type-L wants to pretend to be type-H. We first
examine the pooling equilibrium in which self-0 of both types chooses the
same a, and self-1 cannot tell the type.

Pooling Equilibrium The result of pooling equilibrium is summarized in
the following proposition.

Proposition 1 With two types of individuals,
a) there exist pooling equilibria where individuals of both types choose

ap > 0 if ap is not too large;
b) no pooling equilibrium survives the intuitive criterion.

Note that the result of pooling equilibrium in Proposition 1-a) is akin
to the result of building self-reputation via self-restraint in Bénabou and
Tirole (2004). In their model, both types of individuals have the option
of attempting self-control in order to signal to future selves not to give up.
Pooling equilibrium will occur in which the low type can mimic the high type
by exercising will-power. However, Proposition 1-b) is in contrast to Bénabou
and Tirole (2004). Since their model incurs a binary choice of attempting
self-control, whereas our model involves a continuous variable a without any
upper bound, the pooling result in Bénabou and Tirole (2004) survives the
intuitive criterion.
In addition, the pooling equilibrium cannot explain the sunk cost effect

in which a higher probability of continuing the project is associated with a
higher a. Thus, we focus on the analysis on separating equilibrium.

Separating Equilibrium The result of separating equilibrium is summa-
rized in the following proposition.
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Proposition 2 With two types of individuals, there is a unique separating
equilibrium surviving the intuitive criterion in which self-0 of type-H chooses
as,L > 0 and self-0 of type-L chooses 0 where as,L is given by (2) in the
appendix.

Thus, although self-0 with time consistent preference does not invest in
a, self-0 with present-biased preference invests in a nontrivially. as,L is the
lowest investment level that makes self-0 of type-L has no incentive to mimic
type-H.10 Therefore, the equilibrium in Proposition 2 represents a least-cost
separating equilibrium.
With severe present bias, self-0 of type-L always has an incentive to

mimic type-H to overcome the under-investment problem associated with
time-inconsistent preference. Therefore, self-0 of type-H invests in a positive
amount a to signal its own type. Self-1 will take into account a when mak-
ing the continuation decision. In the separating equilibrium, since θ̂ (as,L) =

θH > θ̂ (0) = θL, the positive, sunk as,L signals the high type, giving rise
to a higher probability of continuation compared to the observation of no
investment in a. This result smacks of the sunk cost effect. As Nozick (1993,
p. 22) argues, “we do not treat the past effort we have devoted to ongoing
projects of work or life as of no account ... Such projects help to define our
sense of ourselves and of our lives.”Our results thus explain the painful tat-
tooing and the hesitation about quitting when seeing tattoos on the skin for
the gangster example discussed in the Introduction. A similar explanation
applies to the dating example.
However, given that there are only two types, we cannot check the monotonic-

ity of the probability of continuation with respect to a. Therefore, we consider
a continuum of types in the following section.

4 A Continuum of Types

In this section, we assume a continuum of types θ, which is continuously
distributed over [θ, θ] where 0 < θ < θ < 1. As in the two-type case,
similarly, we assume that β < θ/θ.
In this case, self-0 of each type θ chooses a, from which self-1 draws

inference about θ, and reacts accordingly. Self-0’s expected payoff is given

10In the case where β is large enough such that as,L does not exist, implying that self-0
of type-L has no incentive to mimic self-0 of type-H, the problem is essentially the same
as in the case of time consistent preference, i.e. β = 1.
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by

U(θ, θ̂, a) = −c(θ, a) + β

∫ βθ̂(a)V

0

(θV − k) f(k)dk. (1)

Self-0 thus chooses a mapping A : [θ, θ] → R+ representing a choice a
for each type θ, taking into account self-1’s inference θ̂ (a). In separating
equilibrium, A is one-to-one and incentive compatible. Thus, self-0 of type-θ
chooses a to maximize the objective in (1). The following proposition presents
the least-cost separating equilibrium surviving the intuitive criterion.

Proposition 3 With a continuum of types, A is differentiable everywhere,
and the following differential equation (DE) and boundary condition (BC)
characterize self-0’s incentive compatible separating solution:

A′(θ) =
(1− β) βθV 2f(βθV )

c2(θ, a)
, (DE)

and
A(θ) = 0. (BC)

By (DE), note that A′(θ) > 0. The higher the individual’s ability θ, the
larger the amount of money a burned by self-0, which gives rise to a more
confident belief about θ held by self-1. Note that a higher confidence level θ̂
leads to a greater cutoff value of the add-on cost k, making the continuation
of the project more likely to occur at t = 1. Thus, we have the following
corollary.

Corollary 1 For self-1, the probability of continuing the project is increasing
in the observed a chosen by self-0.

Therefore, we rationalize the sunk cost effect where a high level of a, which
is sunk for self-1, entails a large incentive for the individual to continue the
project, as a result of the signal of the individual’s high ability θ.
Notably, Baliga and Ely (2011) discuss two cases on whether the exoge-

nous initiation cost and the expected value of the project are correlated or
not. Our result suggests that even if a cannot influence θV directly, a and
θV are correlated in self-1’s belief in our least-cost separating equilibrium.

5 Conclusion

For an economist teaching introductory economics, one of the key elements
to educate undergraduate students is the notion of sunk cost. Particularly
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insightful is that, when an individual facing an incremental cost decides
whether or not to continue a project, a rational individual should not take
the level of sunk cost into account (let the past be past!). However, a large
evidence in economics and psychology suggests that it is not the case when
it comes to the sunk cost effect in reality (see, e.g., Arks and Blumer, 1985).
While the behavioral industrial organization literature has started to ex-

amine how consumers’prevalent sunk cost effect may affect optimal two-part
pricing (e.g. Wang and Yang, 2010), our paper provides a different angle by
studying why the sunk cost effect emerges.11 Several papers in economic
theory tend to provide rationales for the sunk cost effect, including from the
perspective of social-signaling (as reviewed in the Introduction). In our pa-
per, we focus on self-signaling rather than social-signaling. Closest to our
paper is the model of memory kludge by Baliga and Ely (2011). Both mod-
els are information-based, and rely on the level of sunk cost to infer the
expected value of the project to make the correct decision. However, Baliga
and Ely (2011) study two selves without any conflict of interests. Facing an
exogenous cost, the first self decides whether to start the project. Then the
second self infers the project’s value from this starting decision as well as
the exogenous cost observable. In our paper, we focus on the information
learnt after the project starts. The sunk cost effect arises only under time
inconsistent preference where there is a conflict of interest between the two
selves: Self-0 takes a costly action to signal the value of the project in order
to motivate present-biased self-1 to continue the project.
Our paper belongs to a more general agenda in economics and psychology

that has attempted to rationalize the observed cognitive biases. Stable nat-
ural and social environments generate certain cognitive patterns, and their
induced behaviors. The cognitive and behavioral patterns persist when they
have an adaptive role. Carrillo and Mariotti (2000) and Bénabou and Tirole
(2002, 2004) have investigated the instrumental value of ignorance, overcon-
fidence and personal rules with “escalation of commitment” for individuals
with time-inconsistent preferences. By adopting a similar set-up, Dessi and
Zhao (2013) study the well-documented differences between East-Asians and
Westerners in terms of self-esteem and social emotions, and their motiva-
tional values. Chew, Huang and Zhao (2014) check a variety of memory
biases to supply over-confidence as a motivational device. All these mod-

11While the sunk cost effect serves as a motivational device in the investment problem in
our model, this effect may not be functional in some cases. In some circumstance, it may
reinforce the adverse effect due to present bias. For example, Just and Wansink (2011)
find that the flat-rate pricing such as “all-you-can-eat”buffet pricing can take advantage
of the sunk cost effect and thus exacerbates the over-consumption tendency associated
with obesity.
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els and our paper take the time-inconsistent preferences and the associated
under-investment problem as given, and investigate the functional role of
certain cognitive biases, which emerge and are sustained in equilibrium.12

Fudenberg (2006) argues that “... behavioral economists (and economic
theorists!) should devote more effort to synthesizing existing models and de-
veloping more general ones, and less effort to modeling yet another particular
behavioral observation.” In our paper, the self-signaling model revisits the
classic sunk cost effect, and relates it to present-biased preference based on
the classic approach of information economics. Our theory thus provides a
rationale for the sunk cost effect. In the future, more works can be done on
investigating how different psychological traits could emerge endogenously
from various intrapersonal or interpersonal interactions.

12Different from assuming time inconsistent preference, alternative approaches on ratio-
nalizing behavioral biases such as collective delusions and risk attitudes include more recent
works with exogenous preference over beliefs by Bénabou (2013) and Gottlieb (2014).
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A Proof of Observation 1

a) With pure strategies, a PBE is either a pooling or separating equilibrium.
We proceed the proof in two steps.
Step 1. There is no pooling equilibrium in which both types of individuals

choose a positive a.
Suppose there is a pooling equilibrium in which both types of individuals

choose aP > 0. Then µ (aP ) = p. Consider a small positive number ε. If
µ (aP − ε) ≤ p, then θL ≤ θ̂ (aP − ε) ≤ θ. Below shows that self-0 of type-L
has incentive to deviate:

− c (θL, aP ) +

∫ θV

0

(θLV − k) f(k)dk

= −c (θL, aP ) +

∫ θ̂(aP−ε)V

0

(θLV − k) f(k)dk

+

∫ θV

θ̂(aP−ε)V
(θLV − k) f(k)dk

≤ −c (θL, aP ) +

∫ θ̂(aP−ε)V

0

(θLV − k) f(k)dk

< −c (θL, aP − ε) +

∫ θ̂(aP−ε)V

0

(θLV − k) f(k)dk.

where the first inequality comes from
∫ θV
θ̂(aP−ε) (θLV − k) f(k)dk ≤ 0 because

of θLV ≤ θ̂ (aP − ε)V . Similarly, we can show that if µ (aP − ε) ≥ p, then
self-0 of type-H has incentive to deviate. Therefore there is no pooling equi-
librium in which both types of individuals choose a positive a.
Step 2. There does not exist a separating equilibrium surviving the Intu-

itive Criterion.
Recall that with time-consistent preference, each type of self-0 has no

incentive to mimic the other type. Suppose that there is a separating equi-
librium where aH > aL. Then for any a′ ∈ (aL, aH),

−c (θL, aL) +

∫ θLV

0

(θLV − k) f(k)dk > −c (θL, a
′) +

∫ θLV

0

(θLV − k) f(k)dk

and

−c (θH , aH)+

∫ θHV

0

(θHV − k) f(k)dk < −c (θH , a
′)+

∫ θHV

0

(θHV − k) f(k)dk.

15



Therefore, observing an off-equilibrium action a′, self-1 would infer that the
action is taken by self-0 of type-H. Thus self-0 of type-H has incentive
to deviate to a′. Hence, the equilibrium, if exists, does not survive the
Intuitive Criterion. Similarly, we can show that a separating equilibrium
where aL > aH , if exists, does not survive the Intuitive Criterion.
b) We proceed the proof in the following steps.
Step 1. There is a pooling equilibrium in which both types of individuals

choose aP = 0.
Such an equilibrium exists, if we let the belief system be µ (a) = p for any

a, consistent with equilibrium strategies. Then no type of the individuals
has incentive to deviate to a more costly a > 0.
Step 2. If and only if Γ < ∆, and there exists a′ such that c (θH , a

′) =
Γ < c (θL, a

′) = ∆, the pooling equilibrium with aP = 0 survives the Intuitive
Criterion.
To show it, by the definition of the Intuitive Criterion, if and only if there

exists a′ such that either{ ∫ θV
0

(θLV − k) f(k)dk > −c (θL, a
′) +

∫ θLV
0

(θLV − k) f(k)dk ⇔ c (θL, a
′) > ∆∫ θV

0
(θHV − k) f(k)dk < −c (θH , a

′) +
∫ θHV
0

(θHV − k) f(k)dk ⇔ c (θH , a
′) < Γ

,

or, {
c (θL, a

′) < ∆
c (θH , a

′) > Γ
,

then the equilibrium with aP = 0 does not survive the Intuitive Criterion.
Suppose Γ < ∆. Unless there exists a′ such that c (θH , a

′) = Γ and c (θL, a
′) =

∆, we can always find an a′′ such that either Γ < c (θH , a
′′) < c (θL, a

′′) < ∆
or c (θH , a

′′) < Γ < ∆ < c (θL, a
′′). Suppose ∆ ≤ Γ. Then there always

exists a′ satisfying c (θL, a
′) > ∆ and c (θH , a

′) < Γ. Therefore, except in a
special case where there exists a′ such that c (θH , a

′) = Γ < c (θL, a
′) = ∆,

the pooling equilibrium with aP = 0 does not survive the Intuitive Criterion.

B Separating Equilibria with β = 1 and a
smallest a

Suppose there exists a smallest a > 0, denoted by ε. Below we will show
the existence and uniqueness of undefeated separating equilibrium in which
aH = ε > aL = 0 or aL = ε > aH = 0 surviving the Intuitive Criterion for
time consistent individuals (β = 1).
Step 1. There is a unique set of separating equilibria where aH = aL+ε >

aL ≥ 0 or aL = aH + ε > aH ≥ 0 which survive the Intuitive Criterion.
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Consider the following equilibrium: aH = aL + ε > aL ≥ 0, with µ (a) =
1 if a = aH
0 if a = aL
p otherwise

, satisfying

−c (θL, aL) +

∫ θLV

0

(θLV − k) f(k)dk >

∫ θV

0

(θLV − k) f(k)dk

and

−c (θH , aH) +

∫ θHV

0

(θHV − k) f(k)dk >

∫ θV

0

(θHV − k) f(k)dk.

So no type of individuals has incentive to deviate. Moreover, this equilibrium
satisfies the Intuitive Criterion, because self-1 cannot infer the type from any
off-equilibrium action.
Following the logic in Step 2 in the proof of Observation 1-a), a separating

equilibrium where aL > aH + ε or aH > aL + ε, if exists, does not survive the
Intuitive Criterion.
Step 2. A separating equilibrium where aH = aL + ε > aL > 0 (aL =

aH + ε > aH > 0) is defeated by the separating equilibrium where aH =
aL + ε > aL = 0 (aL = aH + ε > aH = 0).
We show that the equilibria, denoted as σ′, with aH = aL + ε > aL > 0

are defeated by the equilibrium σ with aH = aL + ε > aL = 0 in the sense of
Mailath et al (1993). To see this, ε satisfies the following conditions: (1) No
type of individuals in σ′ chooses ε and (only) self-0 of type-H in σ chooses ε
(satisfying D2.1 in Mailath et al, 1993); (2) self-0 of type-H is strictly better
off in σ than in σ′ (satisfying D2.2 in Mailath et al, 1993); (3) µ (ε) 6= 1 under
σ′, where 1 is the Bayesian belief under the strategy profile that those who
choose ε in σ and are better off in σ than in σ′ choose ε, those who do not
choose ε in σ do not choose ε, and others may randomize (satisfying D2.3 in
Mailath et al, 1993). In the equilibria σ′, µ (ε) 6= 1 because otherwise self-0
of type-H would have incentive to deviate.
Similarly, we can show that the equilibria with aL = aH + ε > aH > 0 are

defeated by the equilibrium with aL = aH + ε > aH = 0.

C Proof of Proposition 1

a) Define ap,L such that

β

∫ βθLV

0

(θLV − k) f(k)dk = −c(θL, ap,L) + β

∫ βθV

0

(θLV − k) f(k)dk.
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Any a > ap,L cannot support a pooling equilibrium, because self-0 of type-L
would have incentive to deviate to a = 0. For any 0 ≤ ap ≤ ap,L, there is
a pooling equilibrium in which both types of individuals choose ap. To see
this, let the belief system be µ (a) = p if a ≥ ap, and µ (a) = 0 if a < ap;
thus, both types of individuals have no incentive to deviate.
b) For any 0 ≤ ap ≤ ap,L, define a∗L (ap) such that

− c(θL, ap) + β

∫ βθV

0

(θLV − k) f(k)dk

= −c(θL, a∗L (ap)) + β

∫ βθHV

0

(θLV − k) f(k)dk

which is equivalent to

β

∫ βθHV

βθV

(θLV − k) f(k)dk = c(θL, a
∗
L (ap))− c(θL, ap).

θL ≥ βθH ensures that the left side of the last equation is positive, so
a∗L (ap) > ap. The last equation implies that

β

∫ βθHV

βθV

(θHV − k) f(k)dk

> β

∫ βθHV

βθV

(θLV − k) f(k)dk

= c(θL, a
∗
L (ap))− c(θL, ap)

> c(θH , a
∗
L (ap))− c(θH , ap),

where the second inequality comes from the curvature assumptions of c (θ, a).
The above is equivalent to

− c(θH , ap) + β

∫ βθV

0

(θHV − k) f(k)dk

< −c(θH , a∗L (ap)) + β

∫ βθHV

0

(θHV − k) f(k)dk.

Therefore, for any pooling equilibrium with ap, any off-equilibrium a′ which
is slightly greater than a∗L (ap) would convince self-1 that it is from type-H,
because by taking a′ self-0 of type-L would be worse offeven if he is considered
to have type-H; meanwhile, self-0 of type-H is better off by choosing a′ and
being considered to have type-H. The intuitive criterion rules out all the
pooling equilibria.
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D Proof of Proposition 2

Define as,L such that

β

∫ βθLV

0

(θLV − k) f(k)dk = −c(θL, as,L) + β

∫ βθHV

0

(θLV − k) f(k)dk

which is equivalent to

c(θL, as,L) = β

∫ βθHV

βθLV

(θLV − k) f(k)dk. (2)

Since βθHV ≤ θLV , the right side of the above line is positive, which ensures
the existence of as,L.
Define as,H such that

β

∫ βθLV

0

(θHV − k) f(k)dk = −c(θH , as,H) + β

∫ βθHV

0

(θHV − k) f(k)dk

which is equivalent to

c(θH , as,H) = β

∫ βθHV

βθLV

(θHV − k) f(k)dk. (3)

From equations (2) and (3), we have

c(θH , as,H)− c(θL, as,L) = β (θH − θL)V

∫ βθHV

βθLV

f(k)dk > 0.

By the monotonicity and curvature conditions for c, we thus have as,H > as,L.
In a separating equilibrium, the self-0 of type-L chooses zero, because

otherwise by deviating to zero self-0 of type-L could be better offby reducing
c and potentially enjoying a higher θ̂; self-0 of type-H will not choose a >
as,H , because otherwise self-0 of type-H has incentive to deviate to 0. For any
as ∈ [as,L, as,H ], there is a separating equilibrium in which self-0 of type-H
chooses as and self-0 of type-L chooses 0. (To see this, let the belief system
be µ (a) = 1 if a ≥ as, and µ (a) = 0 if a < as. With this belief system, no
type has incentive to deviate under the equilibrium.) These are the unique
separating equilibria.
By the Intuitive Criterion, if as,L < as, an off-equilibrium as,L < a′ < as

would convince self-1 that it is from type-H, because by taking a′ self-0 of
type-L would be worse offeven if he is considered to have type-H; meanwhile,
self-0 of type-H is better off by choosing a′ and being considered to have
type-H. The unique separating equilibrium surviving the criterion is self-0
of type-H choosing as,L and self-0 of type-L choosing 0.
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E Proof of Proposition 3

Since, for all θ, θ̂, and a, we have

U33(θ, θ̂, a) = −c22(θ, a) < 0, (Strict Concavity)

U2(θ, θ̂, a) = β
(
θV − βθ̂V

)
βV f(βθ̂V ) > 0, (Belief Monotoniciy)

as β < θ/θ,

U13(θ, θ̂, a) = −c12(θ, a) > 0, (Type Monotoniciy)

U3(θ, θ̂, a)

U2(θ, θ̂, a)
= − c2(θ, a)

β
(
θV − βθ̂V

)
βV f(βθ̂V )

is increasing in θ.

(Single-Crossing Property)
By Mailath (1987), or more generally Mailath and von Thadden (2013), we
prove the proposition.
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